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Abstract— Recently the use of lattice-reduction for signal
detection in multiple antenna systems has been proposed. In
combination with simple successive interfer encecancellation this
schemeachieves near maximum-lik elihood performance. To this
end, the given MIMO channel is transformed into an almost
orthogonal matrix leading to less noise enhancement within
the detection. In this paper, we investigate the performance
of common and lattice-reduction-aided detection schemesfor
correlated fading channels. We show, that the new scheme
achieves signi�cant gain in comparison to common algorithms.
Thus, the new algorithm clearly outperforms existing methods
with comparablecomplexity and is alsomore robust with respect
to spatial correlation.

Index Terms— MIMO systems,BLAST, lattice-reduction,wir e-
lesscommunication, spatial correlation.

I . INTRODUCTION

Within the V-BLAST architectureparalleldatastreamsare
transmittedover nT different antennasin order to increase
thespectralef�ciency. Besideslineardetectionschemesbased
on the zero-forcing(ZF) or the minimum meansquareerror
(MMSE) criterion, successive interferencecancellation(SIC)
is apopularway to detectthetransmittedsignalsat thereceiver
site. Unfortunately, for ill-conditioned channel matrices all
these schemesare clearly inferior to maximum-likelihood
(ML) detection.However, in spatial correlatedenvironments
the probability of ill-conditionedmatricesincreases,resulting
in an even higher error rate.Recently, lattice-reduction(LR)
hasbeenproposedin orderto transformthesystemmodelinto
anequivalentonewith betterconditionedchannelmatrix prior
to low-complexity linear or SIC detection,e.g. [1]–[3]. The
extensionof the LR-aided detectionschemesto the MMSE
criterion anda lattice-reductionalgorithmwith reducedcom-
plexity was presentedin [4], [5]. In this work we investigate
the performanceof commonandLR-aideddetectionschemes
with respectto spatialcorrelatedchannels.As theperformance
of a MIMO systemcansigni�cantly degradewhencorrelation
is present,it is of fundamentalimportanceto investigate this
generalbehavior of the detectionalgorithms.

The remainderof this paper ist organized as follows. In
Section II, the system model and notation is introduced.
The basicsaboutlattice-reductionand lattice-reductionbased
detectionof MIMO systemsare explainedin SectionIII and
in SectionIV, respectively. The performancefor uncorrelated
and correlatedchannelsis than investigated in Section V.
Concludingremarkscanbe found in SectionVI.

I I . SYSTEM DESCRIPTION

We considerthe multiple antennasystemshown in Fig. 1
with nT transmit and nR � nT receive antennasin a �at
fadingenvironment.Accordingto the V-BLAST architecture,
the data is demultiplexed into nT data substreamsof equal
length.Thesesubstreamsaremappedonto M -QAM symbols
and transmittedover the nT antennassimultaneously.
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Fig. 1. Modelof a MIMO systemwith nT transmitandnR receive antennas.

For the mathematicaldescription of the MIMO system
we investigate one time slot of the time-discretecomplex
basebandmodel. Let1 s denotethe complex valued nT � 1
transmitsignal vector, then the correspondingnR � 1 receive
signalvectorx is given by

x = Hs + n : (1)

In (1), n representswhite gaussiannoise of variance � 2
n

observedat thenR receive antennaswhile theaveragetransmit
power of eachantennais normalizedto one, i.e. E

�
ssH

	
=

I n T andE
�

nnH
	

= � 2
n I n R . We assumea �at fadingenviron-

ment,wherethe nR � nT channelmatrix H is constantover a
frameandchangesindependentlyfrom frameto frame(block
fading channel). In order to simulate the transmissionover
correlatedMIMO channelswe apply the popular Kronecker
model [6]

H = �
1
2
R G�

1
2
T ; (2)

with G consistingof uncorrelatedcomplex gaussiancoef�-
cientsgi;j of unit variance.Accordingto thecorrelationmodel
presentedin [7], thespatialcorrelationmatrixat thetransmitter
� T = Ef HH Hg and at the receiver � R = Ef HHH g can
be modelledas a function of the correlationcoef�cients 0 �

1Throughout this paper, (�)T and (�)H denote matrix transposeand
hermitiantranspose,respectively. Furthermore,I � indicatesthe� � � identity
matrix and 0 �;� denotesthe � � � all zero matrix. With R f �g and I f �g
we denotethe real part and the imaginarypart, respectively.



� T ; � R � 1. Using their de�nition, the nT � nT correlation
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anda correspondingde�nition holds for the nR � nR matrix
� R with coef�cient � R . Thecorrelationmodelcanfurthersim-
pli�ed by assuming� T = � R = � , yielding a singleparameter
model [7]. The given model can rangeform the uncorrelated
case(� = 0:0) to the fully correlatedscenario(� = 1:0).
However, as the investigation of the MIMO detectorsdoes
not take the usedcorrelationmodel into account,the general
statementscan also be adoptedto other models.Within this
paperwe assumeperfect knowledgeabout the channelstate
information (CSI) by the receiver, but no knowledgefor the
transmitter.

Treating real and imaginary parts of (1) separately, the
systemmodelcanbe rewritten as

x = Hs + n ; (4)

with the real-valuedchannelmatrix

H =
�
R f Hg �I f Hg
I f Hg R f Hg

�
2 Rn � m (5)

and the real-valuedvectors

x =
�
R f xg
I f xg

�
s =

�
R f sg
I f sg

�
n =

�
R f ng
I f ng

�
: (6)

By de�ning m = 2nT and n = 2nR the dimensionof the
real channelmatrix (5) is given by n � m = 2nR � 2nT .
Likewise the dimensionof the vectors(6) are given by x 2
Rn , n 2 Rn and s 2 A m , whereA denotesthe �nite set of
real-valued transmit signals[4]. In the sequelwe will apply
this real-valuedrepresentation,as we can now interpreteach
noiselessreceive signalasa point of a lattice spannedby H .
Additionally, the performanceof successive algorithms like
the V-BLAST detectioncan be improved by separatingthe
real and imaginarypart of eachtransmitsignal.

The optimum maximum-likelihood (ML) detectorsearches
over thewholesetof transmitsignalss 2 A m , anddecidesin
favor of the transmitsignal ŝML wich resultsin the minimum
euclidiandistanceto the receive vectorx, i.e.

ŝML = arg min
s2A m

kx � Hsk2 : (7)

As the computationaleffort is of orderM n T , bruteforce ML
detectionis not feasiblefor largernumberof transmitantennas
or higher modulationschemes.A feasiblealternative is the
applicationof spheredetector(SD) [8]–[11], which restricts
the searchspaceto a sphere.However, the computational
complexity is still high in comparisonto simplebut suboptimal
SIC. In the sequel,we apply lattice-reductionin order to
improve the performanceof SIC and linear detection.One
advantageof this strategy is, that the computationaloverhead

causedby thelattice-reductionalgorithmis only requiredonce
for eachtransmittedframe,sofor largeframelengththeeffort
for eachsignalvector is very small.

I I I . LATTICE-REDUCTION (LR)

By interpretingthe columnsh ` (1 � ` � m) of the real-
valuedchannelmatrix H asthebasisandassuminganin�nite
m dimensionalinteger transmit signal spaceZm , the set of
all possibleundisturbedreceive signalsconstructsthe lattice
L (H ) = H Zm . However, the samelattice L ( ~H ) = L (H ) is
alsogeneratedby eachmatrix ~H = HT , aslong asthem� m
transformationmatrix T is unimodular, i.e. T containsonly
integer entriesand the determinantis det(T ) = � 1 [12]. As
both matricesdescribeexactly the samereceive signalspace,
we may chosethat basiswhich offers nicer propertiesfor the
detectionof MIMO systems[4].

Theaim of lattice-reductionis to transforma givenbasisH
into a new basis ~H with vectorsof shortestlengthor, equiv-
alently, into a basis consistingof roughly orthogonalbasis
vectors.Usually, ~H is much better conditionedthan H and
thereforeleadsto lessnoiseenhancementfor linear detection.
In orderto describetheimpactof H onthenoiseenhancement,
we introducethe condition number� (H ) = � max =� min � 1,
with � max and � min denoting the largest and the smallest
singular value of H , respectively. With kH k2 de�ning the
spectral norm of H , the condition number correspondsto
� (H ) = kH k2kH � 1k2. For ill-conditioned matrices� (H ) is
large,whereasfor orthogonalmatrices� (H ) = 1, asno noise
enhancementis caused.As the reducedbasis ~H is chosen
to have roughly orthogonalbasisvectors,the corresponding
condition number� ( ~H ) is usually much smaller than � (H ).
Consequently, a linear detectorwith respectto this new basis
mayachieve betterperformanceresults,asthe impactof noise
enhancementis reduced.

For further investigation, we introducethe QR decomposi-
tion H = QR with the n � m matrix Q having orthogonal
columnsof unit length(QT Q = I m ) andthe uppertriangular
matrixR = (r i;j )1� i;j � m . In thesameway, thedecomposition
~H = ~Q ~R is de�ned. With respectto this QR decomposition,
the basisvector ~h ` is almostorthogonalto the spacespanned
by ~h1; : : : ; ~h ` � 1, if the elementsj~r 1;` j; : : : ; j~r ` � 1;` j are close
to zero.An ef�cient (thoughnot optimal) way to determinea
reducedbasiswas proposedby Lenstra,Lenstraand Lov�asz
[12] called LLL algorithm. Starting with H = QR this
iterative algorithm achieves a reducedbasis ~H = ~Q ~R and
the accordingtransformationmatrix T . The bene�cial impact
of applyingtheSortedQRDecomposition(SQRD)[13] to the
computationalcomplexity of theLLL algorithmwaspresented
in [4], [5].

In orderto investigatethein�uence of thespatialcorrelation
on the condition of the MIMO channel,Fig. 2 shows the
cumulative distribution function (CDF) of � (H ) for varying
correlationcoef�cients � . As expectedtheCDFsindicateanin-
creasingprobabilityof large conditionnumbersfor increasing
correlationcoef�cients. As an ill-conditioned matrix leadsto
strongnoiseenhancement,theperformanceof commonMIMO
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Fig. 2. Cumulative distribution function (CDF) of � (H ) (solid lines) and
� ( ~H ) (dashedlines) for variouscorrelationscoef�cients � for a systemwith
nT = nR = 4 antennas.

detectorsdegeneratesin correlatedenvironments.However, by
investigating the distribution of the condition number � ( ~H )
of the lattice-reducedchannelmatrix ~H , we observe almost
the sameCDF in caseof uncorrelatedand strongcorrelated
(� = 0:9) channels.Thus, the LR-aided detectionschemes
introducedin the next sectionaresupposedto be morerobust
with respectto correlation.

IV. LR-AIDED DETECTION ALGORITHMS

A. Lattice-ReductionaidedLinear Detection

By using the lattice-reducedchannelmatrix ~H = HT and
introducingz = T � 1s the receive vector (4) canbe rewritten
as

x = Hs + n = HTT � 1s + n = ~Hz + n : (8)

Note that Hs and ~Hz describethe samepoint in a lattice,but
theLLL-reducedmatrix ~H is usuallymuchbetterconditioned
thanthe original channelmatrix H . For s 2 Zm we alsohave
z 2 Zm , so s and z stem from the sameset. However, for
M -QAM, i.e. s 2 A m , the lattice is �nite and the domainof
z differs from A m .

The idea behind LR-aided detection is to consider the
equivalent system model in (8) and perform the detection
with respect to z instead of s. For LR-aided ZF linear
detection (LD) this means that �rst ~zLR � ZF = ~H + x is
calculated,where the multiplication with the pseudo-inverse
~H + = ( ~H T ~H ) � 1 ~H usually causesless noise ampli�cation
thanthemultiplicationwith H + dueto theroughlyorthogonal
columnsof ~H . Therefore,a harddecisionbasedon ~zLR � ZF is
in generalmore reliable than one on ~sZF = H + x. However,
as the elementsof z are not independentof each other, a
vectorquantizationwould benecessary[4]. A straightforward
(thoughsuboptimal)solution is to perform an unconstrained
element-wisequantizationẑLR � ZF = Qf ~zLR � ZF g, calculate
ŝLR � ZF = T ẑLR � ZF , and �nally restrict this result to the set
A m . The principle block diagramfor a LR-aideddetectoris
shown in Fig. 3

equivalent system model

s

n

ẑz
T=H HT~ x

1-T
ŝDetector

for z

Fig. 3. Block diagramof a Lattice-Reductionbaseddetector.

In order to improve the estimatefor z, it is meaningfulto
implement the LR with respectto the MMSE criterion. To
this end, the LR is performedwith respectto the extended
channelmatrix2 H = [H T � n I m ]T yielding ~H = H T and
compute~zLR � MMSE = ~H

+
x. As shown in [4], [5] thisMMSE

solutionyieldsasigni�cant improvementin comparisonto LR-
aidedZF detectorsandis alsomoremeaningfulthana MMSE
solutionof the LR-systemmodel in (8).

B. Lattice-ReductionaidedSIC

As ~H is only roughly orthogonal,the mutual in�uence of
the transformedsignals zi is small, but still present.Thus,
a successive interferencecancellation(SIC) may result in
additionalimprovements.Applying the QR decompositionof
the reducedchannelmatrix to the systemmodel from (8) we
get

~zLR � ZF � SIC = ~QT x = ~Rz + ~QT n ; (10)

where ~Q and ~R have already been calculatedby the LLL
algorithm. Due to the upper triangular structureof ~R , the
m-th elementof ~z is free of interferenceand can be used
to estimatezm . Proceedingwith ~zm � 1; : : : ; ~z1 and assuming
correct previous decisions,the interferencecan be perfectly
cancelledin each step. It is well known, that becauseof
error propagation the orderof detectionhasa large in�uence
on the performanceof SIC. The optimum order can be
calculatedef�ciently by the so-calledPost-Sorting-Algorithm
(PSA)proposedin [13], which exploits the fact, that themean
error in each detectionstep is proportional to the diagonal
elementsof ~R � 1.

Similar to linear detection,we can consider the lattice-
reducedversionof theextendedsystemmodelwith theequiva-
lentchannelmatrix ~H = ~Q ~R . This leadsto LR-aidedMMSE-
SIC with decisionvariablesgiven by

~zLR � MMSE � SIC = ~Q
T

x = ~R z + � ; (11)

where the newly de�ned noise term � also incorporates
residualinterference.The detectionprocedureequalsthat of
LR-aidedZF-SIC.

2As shown in [13], a common linear MMSE detectorcorrespondsto a
linear ZF detectorwith respectto the extendedsystemmodel given by the
(n + m)� m extendedchannelmatrix H andthe(n + m)� 1 extendedreceive
vectorx

H =

�

H
� n I m �

and x =

�

x
0m; 1 �

: (9)

Thus, the output of the MMSE �lter can be written as ~sMMSE =
�

H T H + � 2
n I m �

� 1 H T x = H + x , which exactly matchesthe structure
of a linear ZF detector.



V. PERFORMANCE ANALYSIS

In the sequel,we investigatea MIMO systemwith nT = 4
transmitandnR = 4 receiveantennasand4-QAM modulation.
Eb denotesthe averageenergy per informationbit arriving at
the receiver.
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Fig. 4. BER versusconditionnumber� (H ) for a systemwith nT = 4 and
nR = 4 antennas,4-QAM symbols,E b=N 0 = 16 dB, ZF (continuouslines)
andMMSE (dashedlines) a) linear detectionandb) SIC detection.

Fig. 4 shows the achieved BER performanceof several
detectionschemesversusthe condition number� (H ) of the
(uncorrelated)channelmatrix and Eb=N0 = 16dB. Part a)
containsthe simulationresultsfor the commonandLR-aided
linear detectionschemesand ML detection.For � (H ) � 1
all schemesachieve very good performance.However, if the
matrix is ill-condition, the performancesof the commonZF
and MMSE linear detectorare poor, whereasthe LR-aided
linear detectorsachieve suitable results. The corresponding
BERs for commonSIC and LR-aidedSIC are given in part
b) of Fig. 4. The SIC schemesgenerally outperform the
linear schemes.Thus, we will consideronly SIC detection
in the following investigations.Furthermore,LR-MMSE-SIC
achieves almost ML performancefor the whole range of
investigatedconditionnumbers.

The performanceof commonandLR-aidedSIC versusthe
correlationcoef�cient � is investigatedin Fig. 5 for Eb=N0 =
16dB. As theprobabilityof largeconditionnumbersincreases
with � andthe BER performancedegradeswith the condition
number, we observe anincreaseof theBER with strongercor-
relation.Obviously, the detectionwith respectto the MMSE
criterion clearly outperformsthe correspondingZF solutions.
Again, the LR-aidedMMSE-SIC achieves almostthe perfor-
manceof ML detectionfor the whole range of correlation
coef�cients andachievessigni�cant gain in comparisonto the
commonMMSE-SIC.

After investigating the dependenceof the BER on the
condition numberand the correlationcoef�cient for a �x ed
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Fig. 5. BER of commonSIC, LR-aided SIC and ML versuscorrelation
coef�cient � anda systemwith nT = nR = 4 antennas,4-QAM modulation
for 16 dB.
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nR = 4 antennasand4-QAM modulation.

SNR,we will now investigatetheperformanceversusEb=N0.
Fig. 6 shows the performanceof common and LR-aided
MMSE-SIC for � = 0:0 and � = 0:6. Due to visualization
reasontheBERsof ZF-SICareonly includedfor thecorrelated
channel.In caseof uncorrelatedchannels,LR-MMSE-SIC al-
mostachievesML performanceandoutperformscommonSIC
by approximately6 dB for BER = 10� 5. As strongcorrelation
increasesthe probability of ill-conditioned channelmatrices,
the performanceof all detectorsdegradesfor � = 0:6. The
commonZF-SICis notableto achieveacceptableperformance
and also the commonMMSE-SIC results in a large perfor-
mancedegradation.The LR-aideddetectionschemesbehave
more robust to correlation,as expectedby Fig. 2. The LR-
MMSE-SICstill achievesalmostML performanceandobtains
an improvement of approximately11dB in comparisonto
commonMMSE-SICandyieldsa gain of 4 dB to theLR-ZF-



SIC scheme.Consequently, theLR-basedMMSE-SICscheme
behaves very robust with respectto spatial correlation and
achieves almost ML performancewith small computational
complexity, asindicatedby Fig. 4 andFig. 5. Dueto thebene�t
of the MMSE solution we will disregard the ZF solution for
the remainderof this paper.
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Fig. 7. BER of common and LR-aided MMSE-SIC in a uncorrelated
(continuouslines, � = 0:0) and correlated(dashedlines, � = 0:6) system
with nT = nR = 4 antennasand16-QAM modulation.

The BERsfor the sameantennacon�guration but with 16-
QAM modulationareshown in Fig. 7. Again,LR-MMSE-SIC
achieves very good performanceresultsand leadsonly to a
degradationof approximately0:9 dB for the uncorrelatedas
well as for the correlatedcase.It is worth to note, that the
computationaleffort of LLL doescertainlynot dependon the
modulationindex. In contrast,a bruteforceML would require
the comparisonof M n T = 65536hypothesesfor eachreceive
signalvectorand is therebynot feasiblyanymore.Of course,
ML detectioncannow only be achieved by spheredetection.

In order to investigate the performancefor larger number
of antennas,Fig. 8 shows thecorrespondingsimulationresults
for a systemwith nT = nR = 6 antennas.The LR-MMSE-
SIC schemeoutperformsthe commonMMSE-SIC schemeby
more than 8 dB for a BER of 10� 5. Thus, the robustnessof
the LR-aided detectionhas been shown for several system
constellations.As theLR-aideddetectiondoesnot incorporate
the correlationstructure,similar resultscan also be expected
for othercorrelationmodels.

VI . SUMMARY AND CONCLUSIONS

In thispaper, we investigatedcommonandlattice-reduction-
aided detectionschemesfor multiple antennasystemswith
uncorrelatedandcorrelatedchannels.Thecombinationof LR-
MMSE and SIC achieves almost maximum-likelihood per-
formance over the whole range of condition numbersand
therebyalso for strong spatial correlation.The new scheme
clearlyoutperformscommondetectorswith low computational
complexity.
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