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Abstract—Recently the use of lattice-reduction for signal
detection in multiple antenna systems has been proposed. In
combination with simple successie interfer encecancellation this
schemeachieves near maximum-lik elihood performance. To this
end, the given MIMO channel is transformed into an almost
orthogonal matrix leading to less noise enhancement within
the detection. In this paper, we investigate the performance
of common and lattice-reduction-aided detection schemesfor
correlated fading channels. We show, that the new scheme
achieves signi cant gain in comparison to common algorithms.
Thus, the new algorithm clearly outperforms existing methods
with comparable complexity and is also more robust with respect
to spatial correlation.

Index Terms—MIMO systemsBLAST, lattice-reduction, wir e-
lesscommunication, spatial correlation.

I. INTRODUCTION

Within the V-BLAST architectureparallel datastreamsare
transmittedover ny different antennasin order to increase
the spectralef ciency. Besidedinear detectionschemedased
on the zero-forcing(ZF) or the minimum meansquareerror
(MMSE) criterion, successie interferencecancellation(SIC)
is apopularway to detectthetransmittecsignalsattherecever
site. Unfortunately for ill-conditioned channelmatricesall
these schemesare clearly inferior to maximume-likelihood
(ML) detection.However, in spatial correlatedervironments
the probability of ill-conditioned matricesincreasesresulting
in an even higher error rate. Recently lattice-reduction(LR)
hasbeenproposedn orderto transformthe systemmodelinto
anequialentonewith betterconditionedchannelmatrix prior
to low-compleity linear or SIC detection,e.g. [1]-[3]. The
extensionof the LR-aided detectionschemego the MMSE
criterion and a lattice-reductionalgorithm with reducedcom-
plexity was presentedn [4], [5]. In this work we investicate
the performanceof commonand LR-aideddetectionschemes
with respecto spatialcorrelatedchannelsAs the performance
of aMIMO systemcansigni cantly degradewhencorrelation
is present,t is of fundamentaimportanceto investigate this
generalbehaior of the detectionalgorithms.

The remainderof this paperist organized as follows. In
Section Il, the system model and notation is introduced.
The basicsaboutlattice-reductiorand lattice-reductiorbased
detectionof MIMO systemsare explainedin Sectionlll and
in SectionlV, respectiely. The performanceor uncorrelated
and correlatedchannelsis than investigated in Section V.
Concludingremarkscan be found in SectionVI.

Il. SYSTEM DESCRIPTION

We considerthe multiple antennasystemshaown in Fig. 1
with nt transmitand ng Nt receve antennasn a at
fading ernvironment.Accordingto the V-BLAST architecture,
the datais demultiplexed into nt data substreamsf equal
length. Thesesubstreamsare mappedonto M -QAM symbols
andtransmittedover the nt antennasimultaneously
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Fig.1. Modelof aMIMO systemwith nt transmitandng receve antennas.

For the mathematicaldescription of the MIMO system
we investicate one time slot of the time-discretecomple
basebandmodel. Let! s denotethe complex valuedny 1

transmitsignal vector thenthe correspondinghg 1 receve
signalvectorx is given by
X=Hs+n: N}

In (1), n representswhite gaussiannoise of variance 2
obseredattheng receive antennasvhile the averagetransmit
power of eachantennais normalizedto one,i.e. E sd' =
ln, andE nnt = 2|, . Weassume at fadingenviron-
ment,wheretheng nt channelmatrix H is constantover a
frame and changesndependentlyfrom frameto frame (block
fading channe). In order to simulate the transmissionover
correlatedMIMO channelswe apply the popular Kronecler
model [6] . .
H= 2G {; ®)
with G consistingof uncorrelatedcomplex gaussiancoef-
cientsg;;j of unit variance Accordingto the correlationmodel
presentedh [7], thespatialcorrelationmatrix atthetransmitter
r = EfH"Hg and at the receier g = EfHH"g can
be modelledas a function of the correlationcoefcients 0

1Throughout this paper ()T and ()" denote matrix transposeand
hermitiantransposerespectrely. Furthermore| indicatesthe identity
matrix and0.  denotesthe all zeromatrix. With R f g and| f g
we denotethe real part and the imaginary part, respectiely.



1. Using their de nition, the nt  nt correlation

T: R
matrix at the transmitteris given by the Toeplitz matrix
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and a correspondingle nition holdsfor theng  ng matrix

r With coefcient r. Thecorrelationmodelcanfurthersim-
plied by assuming + = r = , yielding asingleparameter
model[7]. The given model canrangeform the uncorrelated
case( = 0:0) to the fully correlatedscenario( = 1:0).
However, as the investigation of the MIMO detectorsdoes
not take the usedcorrelationmodelinto account,the general
statementan also be adoptedto other models.Within this
paperwe assumeperfectknowledge aboutthe channelstate
information (CSl) by the recever, but no knowledge for the
transmitter

Treating real and imaginary parts of (1) separately the
systemmodel can be rewritten as

X=Hs+n; (4)
with the real-valuedchannelmatrix
_ RfHg | fHg nom
H = I fHg RfHg 2R )
andthe real-valuedvectors
_ Rfxg R fsg R fng
= fxg | fsg | fng ©)

By dening m = 2nt andn = 2ng the dimensionof the
real channelmatrix (5) is givenby n m = 2ng 2nr.
Likewise the dimensionof the vectors(6) are given by x 2
R", n 2 R" ands 2 A™, whereA denotesthe nite setof
real-valuedtransmitsignals[4]. In the sequelwe will apply
this real-\aluedrepresentationas we can now interpreteach
noiselesgeceve signalasa point of a lattice spannecby H.
Additionally, the performanceof successie algorithmslike
the V-BLAST detectioncan be improved by separatingthe
real andimaginarypart of eachtransmitsignal.

The optimum maximum-likelihood (ML) detectorsearches
over the whole setof transmitsignalss 2 A™, anddecidesin
favor of the transmitsignal®y. wich resultsin the minimum
euclidiandistanceto the receve vectorx, i.e.

&y = arg min kx Hsk?: (7)
S2A M
As the computationakffort is of orderM "7, bruteforce ML
detectionis not feasiblefor largernumberof transmitantennas
or higher modulationschemesA feasible alternatve is the
applicationof spheredetector(SD) [8]-[11], which restricts
the searchspaceto a sphere.However, the computational
compleity is still highin comparisorto simplebut suboptimal
SIC. In the sequel,we apply lattice-reductionin order to
improve the performanceof SIC and linear detection.One
adwantageof this stratgy is, that the computationabverhead

causedy the lattice-reductioralgorithmis only requiredonce
for eachtransmittedrame,sofor large framelengththe effort
for eachsignalvectoris very small.

[11. LATTICE-REDUCTION (LR)

By interpretingthe columnsh- (1 m) of the real-
valuedchannelmatrix H asthe basisandassuminganin nite
m dimensionalinteger transmit signal spaceZ™, the set of
all possibleundisturbedreceve signalsconstructsthe lattice
L(H) = HZ™. However, the samelattice L(F) = L(H) is
alsogeneratedy eachmatrix H = HT , aslongasthem m
transformationmatrix T is unimodular i.e. T containsonly
integer entriesand the determinantis det(T) = 1 [12]. As
both matricesdescribeexactly the samereceve signal space,
we may chosethat basiswhich offers nicer propertiesfor the
detectionof MIMO systemd4].

Theaim of lattice-reductionis to transforma given basisH
into a new basisA with vectorsof shortestiength or, equiv-
alently into a basis consistingof roughly orthogonalbasis
vectors.Usually H is much better conditionedthan H and
thereforeleadsto lessnoiseenhancemerfor linear detection.
In orderto describeheimpactof H onthenoiseenhancement,
we introducethe conditionnumber (H) = max= mn 1,
with  max and qin denoting the largest and the smallest
singular value of H, respectiely. With kHk, de ning the
spectralnorm of H, the condition number correspondsto

(H) = kHkakH ko. For ill-conditioned matrices (H) is
large, whereador orthogonalmatrices (H) = 1, asno noise
enhancements caused.As the reducedbasisH is chosen
to have roughly orthogonalbasisvectors,the corresponding
condition number (H) is usually much smallerthan (H).
Consequentlya linear detectorwith respectto this new basis
may achieve betterperformanceesults,asthe impactof noise
enhancemen reduced.

For further investication, we introducethe QR decomposi-
tion H = QR with then m matrix Q having orthogonal
columnsof unit length(QT Q = | ,) andthe uppertriangular
matrixR = (rij )1 ij m.Inthesameway, thedecomposition
H = QR is de ned. With respectto this QR decomposition,
the basisvectorn- is almostorthogonalto the spacespanned

to zero.An efcient (thoughnot optimal) way to determinea

reducedbasiswas proposedby Lenstra,Lenstraand Lovasz
[12] called LLL algorithm. Starting with H = QR this

iterative algorithm achieves a reducedbasisH = QR and

the accordingtransformatiormatrix T . The bene cial impact

of applyingthe SortedQR Decompositio(SQRD)[13] to the

computationatomplexity of theLLL algorithmwaspresented
in [4], [5].

In orderto investicgatethein uence of the spatialcorrelation
on the condition of the MIMO channel,Fig. 2 shavs the
cumulatize distribution function (CDF) of (H) for varying
correlationcoefcients . As expectedthe CDFsindicateanin-
creasingprobability of large conditionnumbersfor increasing
correlationcoefcients. As an ill-conditioned matrix leadsto
strongnoiseenhancementheperformancef commonMIMO
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Fig. 2.
(A) (dashedines)for variouscorrelationscoefcients
nt = ng = 4 antennas.

Cumulatie distribution function (CDF) of (H) (solid lines) and
for a systemwith

detectordlegeneratesn correlatedervironments However, by
investicating the distribution of the condition number (H)
of the lattice-reducedchannelmatrix H, we obsere almost
the sameCDF in caseof uncorrelatedand strong correlated
(= 0:9) channels.Thus, the LR-aided detectionschemes
introducedin the next sectionare supposedo be morerobust
with respectto correlation.

IV. LR-AIDED DETECTION ALGORITHMS
A. Lattice-Reductioraided Linear Detection

By usingthe lattice-reducecchannelmatrix H = HT and
introducingz = T s the receive vector (4) can be rewritten
as
ls+n=Hz+n:

X=Hs+n=HTT (8)

NotethatHs andHz describethe samepointin alattice, but
the LLL-reducedmatrix H is usuallymuchbetterconditioned
thanthe original channelmatrix H. For s 2 Z™ we alsohave
z 2 Z™, sos and z stemfrom the sameset. However, for
M -QAM, i.e.s2 A™, thelatticeis nite andthe domainof
z differsfrom A™.

The idea behind LR-aided detectionis to considerthe
equialent systemmodel in (8) and perform the detection
with respectto z instead of s. For LR-aided ZF linear
detection (LD) this meansthat rst z2r zz = H*X is
calculated,where the multiplication with the pseudo-imerse
AH* = (HTH) A usually causesless noise ampli cation
thanthe multiplicationwith H* dueto theroughly orthogonal
columnsof H. Thereforea harddecisionbasedon z g z¢ is
in generalmore reliablethanoneon szz = H™* x. However,
as the elementsof z are not independentof eachother a
vectorquantizationwould be necessary4]. A straightforvard
(though suboptimal)solutionis to perform an unconstrained
element-wisequantization2 g zr = Qf2zr zrg, calculate
8 r zr = T2r zF, and nally restrictthis resultto the set
A™. The principle block diagramfor a LR-aided detectoris
shavn in Fig. 3

n
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B

equivalent system model

Fig. 3. Block diagramof a Lattice-Reductiorbaseddetector

In orderto improve the estimatefor z, it is meaningfulto
implementthe LR with respectto the MMSE criterion. To
this end, the LR is performedwith respectto the extended
channelmatri* H = [HT ,1,]" yieldng A = HT and
COMPUtEZ R MMSE = ﬂ+ X. Asshavnin [4], [5] thisMMSE
solutionyieldsasigni cant improvementin comparisorto LR-
aidedZF detectorsandis alsomoremeaningfulthana MMSE
solution of the LR-systemmodelin (8).

B. Lattice-Reductioraided SIC

As H is only roughly orthogonal,the mutual in uence of
the transformedsignalsz; is small, but still present.Thus,
a successie interferencecancellation (SIC) may result in
additionalimpraovements. Applying the QR decompositiorof
the reducedchannelmatrix to the systemmodelfrom (8) we
get

ZR zr sc = Q'x=Rz+Q'n; (10)

where Q@ and R have already beencalculatedby the LLL
algorithm. Due to the upper triangular structureof R, the
m-th elementof z is free of interferenceand can be used

correct previous decisions,the interferencecan be perfectly
cancelledin each step. It is well known, that becauseof

error propagtion the order of detectionhasa large in uence

on the performanceof SIC. The optimum order can be

calculatedef ciently by the so-calledPost-Sorting-Algorithm
(PSA) proposedn [13], which exploits the fact, thatthe mean
error in each detectionstepis proportionalto the diagonal
elementsof R 1.

Similar to linear detection,we can considerthe lattice-
reducedversionof the extendedsystemmodelwith theequiva-
lentchannematrix A = Q R. Thisleadsto LR-aidedMMSE-
SIC with decisionvariablesgiven by

.
ZR Mmse sic = Q X=Rz+ (11)

where the newly de ned noise term  also incorporates
residualinterference.The detectionprocedureequalsthat of
LR-aidedZF-SIC.

2As shawn in [13], a commonlinear MMSE detectorcorrespondgo a
linear ZF detectorwith respectto the extendedsystemmodel given by the
(n+ m) m extendedchannelmatrixH andthe(n+ m) 1 extendedreceve
vectorx

H X

H = d = 9
H and  x= X ©

n I m
Thus, the output of the MMSE lter can be written as Symse =

HTH+ 2In HTx = H™x, which exactly matchesthe structure
of alinear ZF detector



V. PERFORMANCE ANALYSIS

In the sequelwe investicatea MIMO systemwith nt = 4
transmitandnr = 4 receve antennasnd4-QAM modulation.
Ep denoteghe averageenegy per informationbit arriving at
the recever.

a) Linear Detection

b) SIC Detection
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Fig. 4. BER versusconditionnumber (H) for a systemwith nt = 4 and
ng = 4 antennas4-QAM symbols,E,=No = 16 dB, ZF (continuoudines)
and MMSE (dashedines) a) linear detectionandb) SIC detection.

Fig. 4 shavs the achieved BER performanceof several
detectionschemesversusthe condition number (H) of the
(uncorrelated)channelmatrix and E,=Ng = 16dB. Part a)
containsthe simulationresultsfor the commonand LR-aided
linear detectionschemesand ML detection.For (H) 1
all schemesachiere very good performanceHowever, if the
matrix is ill-condition, the performanceof the commonZzZF
and MMSE linear detectorare poor, whereasthe LR-aided

linear detectorsachieve suitable results. The corresponding lines, =

BERs for commonSIC and LR-aided SIC are given in part
b) of Fig. 4. The SIC schemesgenerally outperform the
linear schemes.Thus, we will consideronly SIC detection
in the following investigations. Furthermore L R-MMSE-SIC
achieres almost ML performancefor the whole range of
investicated condition numbers.

The performanceof commonand LR-aided SIC versusthe
correlationcoefcient is investicatedin Fig. 5 for Ep=Ng =

10
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Fig. 5. BER of commonSIC, LR-aided SIC and ML versuscorrelation
coefcient andasystemwith nt = ng = 4 antennas4-QAM modulation
for 16 dB.
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Fig. 6. BER of commonand LR-aided SIC in a uncorrelatedcontinuous

0:0) and correlated(dashedliines, =
nr = 4 antennasand4-QAM modulation.

0:6) systemwith nt =

SNR,we will now investigatethe performanceversusk ,=No.
Fig. 6 shavs the performanceof common and LR-aided
MMSE-SIC for = 0:0 and = 0:6. Due to visualization
reasorthe BERsof ZF-SICareonly includedfor thecorrelated
channel.In caseof uncorrelatecchannels|. R-MMSE-SIC al-

16 dB. As the probability of large conditionnumberdncreases mostachiezesML performanceandoutperformscommonSIC

with andthe BER performancelegradeswith the condition
number we obsere anincreaseof the BER with strongercor-
relation. Olviously, the detectionwith respectto the MMSE
criterion clearly outperformsthe correspondingZF solutions.
Again, the LR-aided MMSE-SIC achieves almostthe perfor
manceof ML detectionfor the whole range of correlation
coefcients andachiezessigni cant gainin comparisorto the
commonMMSE-SIC.

After investigating the dependenceof the BER on the
condition numberand the correlationcoefcient for a x ed

by approximatelys dB for BER = 10 °. As strongcorrelation
increaseghe probability of ill-conditioned channelmatrices,
the performanceof all detectorsdegradesfor = 0:6. The
commonZF-SICis notableto achieze acceptablg@erformance
and also the common MMSE-SIC resultsin a large perfor
mancedegradation.The LR-aided detectionschemesehae
more robust to correlation,as expectedby Fig. 2. The LR-
MMSE-SICstill achiezesalmostML performanceindobtains
an improvement of approximatelyl1dB in comparisonto
commonMMSE-SIC andyields a gain of 4dB to the LR-ZF-



SIC schemeConsequentlythe LR-basedMMSE-SIC scheme
behaes very robust with respectto spatial correlation and
achiees almost ML performancewith small computational
complity, asindicatedby Fig. 4 andFig. 5. Dueto thebene t

of the MMSE solutionwe will disregard the ZF solution for

the remainderof this paper
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Fig. 7. BER of common and LR-aided MMSE-SIC in a uncorrelated

(continuouslines, = 0:0) and correlated(dashedlines,
with nt = ng = 4 antennasand 16-QAM modulation.

= 0:6) system

The BERsfor the sameantennacon guration but with 16-
QAM modulationareshovn in Fig. 7. Again, LR-MMSE-SIC
achieves very good performanceresultsand leadsonly to a
degradationof approximately0:9dB for the uncorrelatedas
well as for the correlatedcase.lt is worth to note, that the
computationakffort of LLL doescertainly not dependon the
modulationindex. In contrasta bruteforce ML would require
the comparisorof M "7 = 65536hypothesedor eachreceve
signalvectorandis therebynot feasibly arymore. Of course,
ML detectioncannow only be achieved by spheredetection.

In orderto investicate the performancefor larger number
of antennaskig. 8 shavs the correspondingimulationresults
for a systemwith ny = ng = 6 antennasThe LR-MMSE-
SIC schemeoutperformsthe commonMMSE-SIC schemeby
morethan8dB for a BER of 10 . Thus, the robustnessof
the LR-aided detectionhas been shavn for several system
constellationsAs the LR-aideddetectiondoesnot incorporate
the correlationstructure,similar resultscan also be expected
for othercorrelationmodels.

VI. SUMMARY AND CONCLUSIONS

In this paper we investicatedcommonandlattice-reduction-
aided detectionschemesfor multiple antennasystemswith
uncorrelatedand correlatedchannelsThe combinationof LR-
MMSE and SIC achiezes almost maximum-likelihood per
formance over the whole range of condition numbersand
therebyalso for strong spatial correlation. The nev scheme
clearlyoutperformscommondetectorswith low computational
compleity.
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Fig. 8. BER of common and LR-aided MMSE-SIC in a uncorrelated

(continuouslines, = 0:0) and correlated(dashedliines, =
with nt = ng = 6 antennasaand 4-QAM modulation.

0:6) system
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