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Ansgar Scherb, Volker Kühn and Karl-Dirk Kammeyer

Departmentof CommunicationsEngineering
University of Bremen,Otto-Hahn-Allee,D-28359Bremen,Germany

Email:f scherb,kuehn,kammeyerg@ant.uni-bremen.de

Abstract— Within this paper we derive the Cramer-Rao lower
bound (CRLB) for semiblind channel estimation with respect to
coded or uncoded finite alphabet source signals in finite impulse
response systems. Since the obtained solution incorporates a high
dimensional integral, which can only be solved numerically, we
approximate the CRLB for low and high signal to noise ratio
(SNR). We also examine the SNR range where the CRLB crosses
over from the low to the high SNR approximation. It will be
shown that the crossover range depends on the modulation index
and code characteristics. Combining the approximations for high
and low SNR and estimating the crossover range yields an overall
approximation, which can easily be calculated also for more
complex scenarios. It will be shown, that the approximation meets
the true CRLB very well.

I . INTRODUCTION

Methodsfor channelestimationcan be classi�ed as pilot-
dataaided,semiblindandcompletelyblind. Usually, thesource
signal of a communicationlink consistsof a training part,
which containssymbolscommonlyknown at the transmitter
andthereceiver, anda partbearingthe information.Pilot-data
aidedchannelestimationmethodsexploit solely the training
part,whereassemiblindmethodsadditionallyconsiderthepart
of theunknown informationsignal.Completelyblind methods
do not requireany training,but suffer from a phaseambiguity.

In order to evaluate methodsfor the estimationof FIR-
channels,a theoretical lower bound limiting the estimation
performanceis of particular interest.The Cramer-Rao lower
bound(CRLB) is a usefulmeans,sinceit givesthe minimum
variancefor an unbiasedestimator. Consideringpilot aided
channelestimationthe CRLB aswell asa minimum variance
unbiased(MVU) estimatorattainingthis boundis well known
[1]. In caseof completelyblind channelestimationa reason-
able CLRB can not be stated,sincethe channelcan only be
resolved up to an unknown complex factorandthe remaining
phaseambiguity is insuf�ciently modelledby the CRLB.

In this contributionwe will focuson theCRLB of semiblind
channelestimationmethods,whereat leastonesourcesymbol
is speci�ed to be a pilot. Carvalho andSlock have examined
the CRLB for the semiblind multichannelcase,where the
channelandsignalparametersof a continuousalphabetsource
werejointly estimated[2]. Sadleret al. have usedanextended
CRLB, wherethe �nite alphabet(FA) characterof the source
signalsis modelledasconstraints[3]. Thelowerboundderived

in [3] is exactly thesameasif thecompletesourcesignalswere
a-priori known at the receiver. This is a reasonableresult,but
it will beshown thattheCRLB at low SNRcanbedetermined
more accurately. Furthermore,this result does not provide
insight into the impactof the modulationindex on estimation
variance.

This paperis organizedasfollows. In SectionII thesystem
modelis presentedandsomequantitiesarede�ned. In Section
III the CRLB for semiblindchannelestimationwith respect
to codedand uncoded�nite-alphabet signals is derived and
an approximationof the CRLB is presented.The proposed
approximationis veri�ed by an example in Section IV. Fi-
nally, the resultsare concludedin SectionV. Somedetailed
derivationsof SectionIII wereput into the Appendix.

I I . DATA MODEL AND NOTATION

Considera binarydatasequenceof M bits denotedby b =
[b(1); � � � ; b(M )]T , b(m) 2 f 0; 1g. Eachdataword is assigned
to a distinct representations = [s(1); � � � ; s(K )]T 2 A in the
K dimensionalsignal space,where s(k) is an elementof a
�nite alphabet,e.g.PSK or QAM, andA = f s1; � � � ; s2M g is
the setof cardinality jAj = 2M comprisingall realizationsof
s. Note that s may include pilot symbolsas well as channel
coding. If all datawordsb are equally probable,the a-priori
the probability p(si ) for any si 2 A is 1=jAj . The symbolss
are transmittedover a frequency selective channelof order
L . We assumethat the interval between two consecutive
data blocks is �lled by a suf�ciently large numberof zero
symbols,suchthat no inter symbol interferencebetweentwo
consecutive blocks occurs.Collecting K + L samplesin the
vector r at symbol rate,the channeloutput is given by

r = Sh + n; (1)

whereS is the(L + K � L + 1) convolutionmatrix of s de�ned
by

[S]�;� =

{

s(� � � + 1) : 0 � � � � < K

0 : else
: (2)

The vector h = [h0; � � � ; hL ]T contains the channelgains
hl 2

�
including transmit and receive �lter and n =

[n(1); � � � ; n(L + K )]T is white gaussiannoisewith power � 2
n .



Without lossof generalitywe assumethat the meanpower of
onesymbol is Efj s(k)j2g = 1.

We call Si h the i -th receive hypothesis,sinceit would be
the observation at the receiver underthe assumptionthat the
word si 2 A wastransmittedover a noiselesschannelh. The
distancebetweenthei -th andj -th receivehypothesisis de�ned
as

� i;j = k(Si � Sj )hk (3)

and the minimum distanceof a signalmappingcon�guration
is de�ned as

� min = min
si;sj∈A

k(Si � Sj )hk; (4)

wherei 6= j .
In orderto obtaina validatedstatementby theCRLB, it has

to be guaranteedthat the estimationproblem has an unique
solution for all si 2 A. For this reasona necessarycondition
is that the minimum distance� min is larger thanzero, i.e.

� min > 0: (5)

I I I . CRAMER-RAO LOWER BOUND

In this sectionwe will derive an expressionfor the CRLB.
Sincethe derived equationcan be only resolved numerically
for very short block lengths,we presentapproximationsfor
the high and low SNR regime. Furthermore,the SNR range,
wherethe expressionfor high SNR changesto the expression
low SNR,will be estimated.Here,we will focuson the main
results,whereassomemathematicalderivationswereput into
the Appendix.

A. Derivation of the CRLB

The CRLB canbe statedas follows: Let ĥ be an unbiased
estimatorof thechannelparameterh andC

ĥ
= Ef (h� ĥ)(h�

ĥ)H g be the covarianceof the estimator. Thenthe covariance
matrix of any unbiasedestimatorsatis�es

C
ĥ

� F−1 � 0; (6)

where ” � 0” standsfor ”positive semide�nite”. F is the
Fisher-informationmatrix (FIM) [1] given by the expectation

F = � E
{

@2 logp(r jh)
@h@hH

}

; (7)

where
p(r jh) =

∑

si∈A

p(r jsi ; h)p(si ) (8)

and

p(r jsi ; h) =
1

(� � 2
n )L +K exp(�k r � Si hk2=� 2

n ): (9)

The minimum mean squarederror (MSE) obtainedby any
unbiasedestimatorcan directly be derived from the inverse
FIM by MSEmin = trace(F−1). De�ning

d i =
r � Si h

� n
(10)

andinserting(8) and(9) into (7) the desiredFIM is given by

F =
1

jAj � 2
n

∫

�
L+K

∑

si;sj∈A

SH
i d i dH

j Sj p(r jsi ; h)p(r jsj ; h)

∑

si∈A

p(r jsi ; h)
dr :

(11)
The integration of this expressioncan only be done numer-
ically and the expense of calculating F is approximately
proportionalto jAj 2=2. SincejAj may becomelarge e.g. for
highermodulationorderor long sequences,in mostcasesthis
expressiondoesnot provide an intuitive insight of the CRLB.

B. Approximation of the CRLB for the high and low SNR
regime

As derived in AppendixA, an approximationfor high SNR
canbe obtainedby

Fhigh =
1

jAj � 2

∑

si∈A

SH
i Si ; (12)

whereasin AppendixB the low SNR approximation

F low =
1

jAj 2� 2

∑

si;sj∈A

SH
i Sj (13)

will be derived. Thus, the minimum MSE of any unbiased
estimator is within the range trace(F−1

high) � MSEmin �
trace(F−1

low). For mostsignalmappingcon�gurations(12) and
(13) caneasily be calculated.Let e.g.S consistof a training
andan informationbearingpart by S = ST + SI, wheresI(k)
is zeromean,Ef sH

I sI = ~K g , and

Ef sI(k)sI(k + � )g =
{

1 : � = 0
0 : else

: (14)

Thezeromeanpropertyand(14)hold for conventionalsymbol
mappings(as e.g. PSK and QAM) in connectionwith most
linear channelcodes.

In this particular case the approximationsof the FIM
accordingto (12) and(13) aregiven by

Fhigh =
1

jAj � 2

∑

si∈A

(SH
T + SH

I;i )(ST + SI;i )

=
1

� 2
n

SH
T ST +

1
jAj � 2

n

∑

si∈A

SH
I;i SI;i

︸ ︷︷ ︸

K̃ I

: (15)

and

F low =
1

� 2
n









SH
T +

1
jAj

∑

si∈A

SH
I;i

︸ ︷︷ ︸

=0

















ST +
1

jAj

∑

sj∈A

SI;j

︸ ︷︷ ︸

=0









=
1

� 2
n

SH
T ST (16)

It is remarkablethat F low dependsonly on the pilot part sT.
Therefore,in the low SNR regime the semiblind CRLB is
nearlyidenticalto theCRLB of apilot aidedchannelestimator.



In contrast,Fhigh takes all available symbols into account.
Hence,in the high SNR regime the semiblindCRLB is close
to the caseof perfectlyknowing the valuesof eachsymbolat
the estimator.

C. The crossover SNR range

As shown in AppendixC, the crossover SNR range,where
the FIM changesfrom (12) to (13), can be approximately
determinedwith respectto the squareddistancenoise ratio
� 2
min=� 2

n . If the noisepower is within the range

� min=4:87 < � 2
n < � min=0:08; (17)

the CRLB variesbetweenboth extremes.Otherwise,(12) and
(13) provide an accuratematchof the true CRLB characteris-
tics.

Pleasenote that in coding theory one possiblemetric to
evaluatea codeis theminimum Hammingdistancedmin. The
distance� min can be understoodas the multivariate signal
spacecounterpartof dmin, wheretheconnectionbetweenboth
is approximately(largeblock lengthandhighcoderates)given
by

� min � dminaminkhk (18)

and amin is the minimum symbol distanceof the symbol
alphabet,e.g.PSK or QAM.

IV. EXAMPLE

In order to demonstrate our CRLB approximation
we consider an uncoded example A u = f s =
[d1; � � � ; d4; c(1); � � � ; c(4)]T g, whered1; � � � ; d4 2 f� 1; +1 g
are D pilots �x ed for all s 2 A u and c(m) 2 f� 1; +1 g
are BPSK symbols bearing the information (Figure 1).
Additionally, the channel coded example A c = f s =
[d1; c(1); � � � ; c(7)]T g was examined,where d1 is one pilot
and c(1); � � � ; c(7) are channelencodedBPSK symbolsob-
tained by a (7; 4)-Hamming code (Figure 2). Note that the
degreeof redundancy is in bothcasesthesame,ass is always
of dimension8 bearingthe sameamountof information.We
chosesucha small block length K , sincefor thesescenarios
it is possible to approximatethe true CRLB numerically.
The channel impulse responsewas h = [0:5; 1=

p
2; 0:5]T

and the minimum hypothesisdistanceswere consequently
� min;u = 2 and � min;c = 2:828. As it can be seenin Fig.
1 the upper limit trace(F−1

low) � (L + 1)� 2
n =D is given by

the minimum MSE obtainedif only the training part of s
were used for channelestimation,whereasthe lower limit
trace(F−1

high) � (L + 1)� 2
n =K is given by the minimum MSE

obtainedif all symbols of s were pilots. Since the part of
training is in the �rst example larger than in the second,
the upperlimits of both schemesdiffer signi�cantly, whereas
the lower limit is identical.The estimatedcrossover region is
underlaidby grey color. It canbeobservedthat in thechannel
codedexamplethis region is slightly shifted to a lower SNR
range.Hence,it canbe assumedthat the quality of semiblind
channelestimationmethodscan be improved by appropriate
codedesign.Furthermore,Figs.1 and2 show thattheproposed
approximationmeetsquite well the true CRLB.
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Fig. 1. CRLB and its approximation for example I
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Fig. 2. CRLB and its approximation for example II

V. CONCLUSION

In this paperwe derived the CRLB for semiblindchannel
estimation of frequency selective channelswith respect to
channel coding and modulation degree. Since the derived
expressioncanonly bereasonablytackledfor very shortblock
lengths,we introducedapproximationsof theFIM at high and
low SNRandgave anestimationfor thecrossoverSNRrange.
Thepositionof thecrossoverSNRrangeis governedby coding
propertiesnamely the minimum Hamming distanceand the
modulationdegree.We have shown that in caseof zeromean
symbolsandlinearchannelcodingthederivedapproximations
canbeeasilycalculated.In anexampleit is demonstratedthat
the approximationmeetswell the true CRLB.

APPENDIX

A. Approximation for high SNR

In order to characterizethe behavior of the probability
density function (PDF) p(r jsi ; h) for any si 2 A, we de�ne
the radius� so that for an arbitrarysi 2 A the approximation

p(r jsi ; h)
{

> 0 : � 2 � kSi h � r k2

� 0 : � 2 > kSi h � r k2 (19)



{
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Fig. 3. Illustration of the overlap regarding the significant nonzero parts of
p(r|si ; h) and p(r|sj ; h) at high SNR

holds. In other words, the normal distribution p(r jsi ; h) sig-
ni�cantly differs from zero, if r is within a � -sized sphere
aroundthe centerSi h and is approximatelyzeroelse.Please
note that the radius� dependson the noisepower � 2

n and is
identical for any p(r jsi ; h), si 2 A.

For high SNR the radius � becomessmall and, thus, the
distancebetweenan arbitrary pair of receive hypothesesis
larger than twice the radius� , i.e.

2� � � min: (20)

In other words, none of any pair p(r jsi ; h) and p(r jsj ; h),
i 6= j , commonlydiffer signi�cantly from zeroat any point r
(Fig. 3).

Hence,for i 6= j the product

p(r jsi ; h)p(r jsj ; h) � 0 (21)

over the whole ranger 2
� K +L . Therefore,in the high SNR

regime (11) canbe simpli�ed to

Fhigh �
1

jAj � 2
n

∫

r∈
�

L+K

∑

si;∈A

SH
i d i dH

i Si [p(r jsi ; h)]2

∑

si∈A

p(r jsi ; h)
dr :

(22)
Due to (19), within the sphere� 2 � kSj h � r k2 the sumsin
the numeratorand the denominatorof (22) aredominatedby
the correspondingPDF p(r jsj ; h). Thus,

∑

si∈A

SH
i d i dH

i Si [p(r jsi ; h)]2 � SH
j d j dH

j Sj [p(r jsj ; h)]2

(23)
and ∑

si∈A

p(r jsi ; h) � p(r jsj ; h): (24)

Hence,(22)canbefurthersimpli�ed by splitting theintegral
into jAj disjoint piecescovering a � -sizedspherearoundthe

centersSi h, si 2 A and replacing the numeratorand the
denominatorof (22) by ther.h.s.of (23)and(24), respectively:

Fhigh =
1

jAj � 2
n

∑

si∈A

∫

� 2≤‖Sih−r‖2

SH
i d i dH

i Si p(r jsi ; h)dr

=
1

jAj � 2
n

∑

si∈A

Ef SH
i d i dH

i Si jsi ; hg

=
1

jAj � 2
n

∑

si∈A

SH
i Si (25)

B. Approximation for low SNR

PSfragreplacements p(r jsi ; h) p(r jsj ; h)

� i;j

r

Fig. 4. Illustration of the overlap regarding the significant nonzero parts of
p(r|si ; h) and p(r|sj ; h) at low SNR

In contrastto the high SNR approximation,the low SNR
approximationis basedon the assumption

� n � � i;j (26)

for any admissiblepair (i; j ). Hence,d i canbe approximated
by

d i =
(Sj � Si )h + n

� n

�
n
� n

(27)

From (27) follows

p(r jsi ; h) �
1

(� � 2
n )L +K exp(�k nk2=� 2

n ) = p(n) (28)

for any si 2 A. Thus,the low SNR approximationstatesthat
all PDFsof this type are nearly identical (Fig. 4). Replacing
the r.h.s.of (27) and(28) in (11) yields

F low �
1

jAj 2� 2
n

∑

si;sj∈A

∫

�
L+K

SH
i nn H Sj p(n)dn

=
1

jAj 2� 2

∑

si;sj∈A

SH
i Sj (29)

C. Determining the crossover SNR range

Recall that the approximationsFhigh and F low are es-
sentially basedon assumptionsregarding the overlap of the
signi�cant nonzeropartsof differentPDFsp(r jsi ; h), si 2 A.
In the following the degree of overlap of the signi�cant
nonzeropartsof two PDFsis termedasmutualcorrelation.



Let p+(x) � N (µ; � 2
n I N ) and p−(x) � N (� µ; � 2

n I N )
be two complex N -variatenormaldistributionswith identical
varianceand � = k2µk is the distancebetweenboth means.
The mutual correlationof both distributions dependson the
squareddistancevarianceratio � 2=� 2

n . The function

Q� (� 2
n ) =

∫

�
N

(p+(x) � p−(x))1=2dx

= exp
(

� 2

4� 2
n

)

(30)

becomesone for � 2
n ! 1 and zero for � 2

n ! 0. Thus,
Q� (� 2

n ) can be understoodas a measurementof the mutual
correlation.In the context of the systempresentedin Section
II, theworstcasedistancebetweentwo PDFsis � min. For this
reasonthecrossoverSNRrangecanbeapproximatelylocated,
where Q� min

(� 2
n ) is between5% and 95% of its maximum,

i.e.

0:05 < Q� min
(� 2

n ) < 0:95: (31)

Replacingther.h.s.of (30) in (31) deliversa crossover SNR
rangeestimationaccordingto (17).
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