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Abstract— We consider the downlink of a multiuser
MIMO-OFDMA system with different transmitter and
receiver concepts, where subcarriers are assigned to
users according to some metric. This metric describes
the channel quality and the user with the highest
metric at a subcarrier is allowed to transmit. The
examined transmission schemes are shown to behave
differently based on the chosen metric. Furthermore,
the influence of channel coding on this behavior is
investigated.
Index Terms— MIMO, OFDMA, Resource Allocation, Precoding

I. I NTRODUCTION
Orthogonal Frequency Division Multiple Access
(OFDMA), especially for Multiple Input Multiple
Output (MIMO) systems, has attracted much interest because of its abilitiy to exploit multiuser
diversity. Several publications deal with the subcarrier assignment problem for the single antenna
case, where only one channel coefficient per user
and subcarrier determines the current channel state
[1][2]. However, multiple antenna systems add the
spatial dimension to be considered, which calls for
different approaches. Information theory suggests
the application of Dirty Paper Coding (DPC) [3]
combined with joint power allocation over all users
and subcarriers [4] to achieve the capacity of the
system. In this paper, though, we will constrain
to the case of subcarrier allocation with regard to
some metric, which describes the channel quality,
in contrast to the allocation of spatial transmission
modes to (possibly different) users on a subcarrier
[5]. The effect of dynamic subcarrier allocation metrics on specific spatial transmission modes is often
neglected in favor of an information theoretic analysis [6]. We focus on a BER comparison of MIMO

precoding schemes with perfect Channel State Information (CSI) at the transmitter in combination
with OFDMA and dynamic subcarrier allocation.
Furthermore, the influence of channel coding on
subcarrier allocation will be investigated.
The remainder of the paper is organized as follows. Section II introduces the system model, which
will be used throughout the paper. Section III discusses the possible channel metrics and their connection to specific transmission schemes, which are
outlined in Section IV. In Section V we will show
several simulation results and discuss the impact of
the metrics on OFDMA systems. Finally, in Section
VI the content and results of the paper will be
summarized.
Notation
In the following, vectors and matrices are denoted
by lower case and capital bold faced letters, respectively. We use (•)T for the matrix transpose and
(•)H for conjugate transpose. The identity matrix of
dimension n is denoted by In . Tr{•}, cond{•} and
diag{•} are used for the trace of a matrix, the l2 norm condition number and a diagonal matrix with
the elements of a vector in the argument on the main
diagonal, respectively.
II. S YSTEM M ODEL
We consider the downlink of an OFDMA system
with NC subcarriers, NU users, each equipped with
NR receive antennas, and a base station with NT
antennas assuming perfect CSI at both receiver and
transmitter. Fig. 1 shows the general structure of the
system. The received signal in frequency domain of
user i at subcarrier k can be denoted as
yk,i = Hk,i xk + nk,i ,

(1)
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System model with transmitter side precoding

where yk,i ∈ CNR and nk,i ∈ CNR are the receive
vector and zero-mean circularly symmetric
complex
o
n
=
gaussian noise with covariance E nk,i nH
k,i

INR , respectively. The transmit vector xk ∈ CNT
is denoted without user index i as only one user
per subcarrier will be served. The average subcarrier
SNR is then simply definedby the average power
per subcarrier Pk , where E Tr xk xk H
= Pk .
The subcarrier channel matrices Hk,i ∈ CNR ×NT are
obtained by the NC -point Fourier transform of the
coefficient matrices of the frequency selective channel Hi (ℓ) ∈ CNR ×NT , 0 ≤ ℓ ≤ LF − 1, containing
the delayed fading gains between the antennas. The
elements of Hi (ℓ) are i.i.d complex gaussian distributed with σh2 = 1. Thus,
Hk,i =

LX
F −1

Hi (ℓ)e−jΩk ℓ ,

(2)

ℓ=0

where Ωk are the normalized equidistant sampling
frequencies. The channel is assumed to be constant
over one OFDM symbol, but changing independently between OFDM symbols. All other aspects of
the downlink system are assumed to be perfect (e.g.
long enough guard interval, perfect synchronization,
etc.).
If channel coding is applied, a [7, 5]oct convolutional code is used to encode the data of a user over
one OFDM symbol only. Additionally, results for a
half rate 3GPP Turbo Code [7] will be shown. Due
to the constraint of coding over one OFDM symbol
it may happen that a user will be assigned only a few
subcarriers, which leads to short code words. This
is especially disadvantageous for the turbo code as
only a short interleaver can be used. Coding over
more OFDM symbols will lessen this problem, but

for the Rayleigh channel used, the channel allocation
will inherently be fair on average.
III. M ETRICS
In order to decide which subcarrier is assigned to
a specific user a decision rule is needed. In this paper
a subcarrier will be assigned to the user i out of NU
users, whose channel metric ζk,i > ζk,j ∀ j 6= i. The
channel metric ζk,i characterizes the quality of the
MIMO channel of user i at subcarrier k and can
be chosen arbitrarily. An often considered metric
for MIMO-OFDMA, especially if sum-rate results
are considered, is given by the Frobenius norm of
the channel matrix (3). Particularly eigenvalue based
methods will be favoured by such a metric. Other
possible choices are the condition number of the
channel matrix (4) or the channel capacity (5).
r n
o
Tr HH
H
(3)
ζk,i =
k,i
k,i
ζk,i = −cond {Hk,i }

ζk,i = log2 det I +

Pk HH
k,i Hk,i

(4)



(5)

The condition number of the channel matrix
promises good results for Zero Forcing (ZF) or
Minimum Mean Square Error (MMSE) based transmission schemes, as this gives a measure of orthogonality of the channel matrix columns. A good
condition numbers for example hints at low noise
enhancement/low transmit power degradation for ZF
receive/transmit filtering, respectively.
IV. T RANSMISSION M ODES
The focus of this paper lies on preprocessing
methods assuming perfect CSI at the receiver. As
a comparison, also simple receiver centric schemes

are considered, but mainly linear and non-linear
precoding algorithms will be applied. Each of the
schemes will be introduced shortly in the following.
To ease notation the user and subcarrier indices are
omitted in this section.
A. Linear Precoding
The general structure of linear precoding leads to
a transmit vector x = GTx d with d ∈ CNT being
the symbol vector (with M -ary symbols). In order
to control the transmit power, normalization has to
be applied to the transmit filter.
s
N
 T H GTx d .
(6)
x=
Tr GTx GTx

Hence, eq. (6) defines the transmit filter to be neutral
with regard to the transmit power on average.
As the first linear precoding algorithm ZF prefiltering will be introduced. Equivalent to receiver
side ZF filtering the transmit filter matrix is chosen
to be
−1
GTx,ZF = HH HHH
.
(7)

This approach leads to a transmit power loss if the
corresponding channel matrix is badly conditioned.
The MMSE or regularized prefiltering [8] matrix,
which can be expressed as
−1

NT
H
H
, (8)
INT
GTx,MMSE = H
HH +
P

takes this into account and leads to a compromise
between power loss and interference suppression.
These standard approaches are known to perform
close to the according receiver side algorithms.
Another well known linear precoding technique is
based on the Singular Value Decomposition (SVD)
of the channel
H = USVH ,

(9)

where U and V are unitary matrices and
S = diag ([λ1 , . . . , λNT ]) is a diagonal matrix containing the singular values λj of the channel assuming λj > 0 ∀j ≤ r, r being the rank of the channel.
At the transmitter side GTx = V will be used. With
the receiver side filter GRx = UH the MIMO system
is then decomposed into r SISO systems which can
be used to transmit data independently. Typically
this decomposition is applied in combination with
some rate and power allocation e.g. the Krongold
algorithm [9].

B. Non-linear Precoding
Non-linear precoding structures apply the idea
of Dirty Paper Coding (DPC) in practical ways.
Tomlinson-Harashima-Precoding (THP) [10] has
been widely applied to MIMO systems and will be
the only non-linear scheme considered. The general
structure as shown in Fig. 2 applies a modulo operation as the transmitter equivalent of a hard decision
to the interference reduced signals. The Decision
β
d

Ld

QH

x

L − Ld

Fig. 2.

General THP structure in DFE representation

Feedback structure of THP can be described via a
QL-decomposition H = LQ. Under the assumption
of NR = NT the elements of Fig. 2 result to
v
u NT
β = u
(10)
uN
t PT
1/Ljj
j=1

Ld = diag ([L11 , . . . , LNT NT ]) .

(11)

Whether a ZF or MMSE approach is used depends
on the QL-decomposition, which can beqapplied to
NT
T
an extended channel matrix H = [HT
P INR ]
to achieve the MMSE solution. Furthermore, sorting
can be used to enhance the performance of the
scheme [11].
C. Receiver centric
In order to compare the precoding schemes to a
receiver centric transmission scheme, we consider
spatial multiplexing (SM) with ZF and MMSE receive filtering, where the receive filters are given by
(12) and (13) respectively.
−1 H
GRx,ZF = HH H
H
(12)

−1
NT
GRx,MMSE =
HH H +
HH . (13)
INT
P
V. S IMULATION R ESULTS
The following mean BER results are achieved
as the mean of the individual user’s BER, which
makes sense because the Rayleigh channel is fair
on average, i.e. every user will perform equally on
average. Throughout this section LF = 6 channel
taps will be used in the simulations. The equal
distribution of subcarriers among all users is referred
to as the ”static” case.
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Fig. 3. a) Spatial multiplexing with receiver side ZF filtering
and NR = NT = 2 antennas (− 4 bit/s/Hz, −− 8 bit/s/Hz),
b) NR = NT = 4 antennas (− 8 bit/s/Hz, −− 16 bit/s/Hz);
NC = 1024 subcarriers, NU = 5 users and LF = 6.

Fig. 3 shows results for SM with receiver side ZF
filtering for NT = NR = 2 and NT = NR = 4 using
QPSK and 16-QAM. It can be seen, that for NT =
NR = 2 the condition number metric performs well
as expected, but the rate metric shows slightly better
performance. For more antennas though it seems,
that the condition number becomes a stronger metric
with respect to the performance of ZF filtering,
outperforming the rate metric. Since the performance
of ZF based techniques is highly dependent on the
structure (e.g. orthogonality of columns) of the channel matrix, a good condition number hints at low
noise amplification which gets more important for a
higher number of interfering signals. Similar results
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B. Coded Results
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can be achieved for the SVD based linear precoding,
where the Frobenius norm offers a slight advantage
over the rate metric for higher numbers of antennas.
Interestingly, sorting changes these results for THP
as the original interference structure of the channel
matrix is changed and the precoding processes the
antennas in order of the channel gains (weakest first).
This is very similar to the information theoretic
approach of successive encoding, which may be the
reason that the rate metric performs best.
Fig. 4 shows several transmission modes for
NT = NR = 4 antennas. For every mode, the best
metric was chosen (ZF/MMSE condition number,
SVD Frobenius norm, sorted THP rate) to achieve
the lowest possible BER. Sorted MMSE-THP offers
the best BER performance without bit and power
loading, whereas precoding via SVD with bit and
power loading leads to the overall best performance.
It can be observed that all schemes perform well
with dynamic subcarrier allocation. Even ZF precoding with dynamic subcarrier allocation performs
better then sorted MMSE THP in the static case.
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A. Uncoded Results
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Fig. 5. a) Mean BER for a [7, 5] coded spatial multiplexing
system with receiver side ZF filtering at NR = NT = 2
antennas (− 4 bit/s/Hz, −− 8 bit/s/Hz), b) NR = NT = 4
antennas (− 8 bit/s/Hz, −− 16 bit/s/Hz); NC = 1024 subcarriers, NU = 5 users and LF = 6.
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Fig. 4. a) Mean BER of different transmission schemes for
NR = NT = 4 antennas at 16 bit/s/Hz; NC = 1024 subcarriers,
NU = 5 users and LF = 6.

The application of practical codes is mostly neglected if OFDMA resource allocation is optimized,
therefore it is of much interest, to investigate the
influence of codes of different strengths on several
transmission schemes and channel quality metrics.
Fig. 5 shows coded results for equivalent parameters as denoted for Fig. 3. Obviously, for high

SNR the Frobenius norm leads to a performance
degradation in contrast to the uncoded case where
every dynamic allocation strategy performed better
than the static scenario. Additionally, the observed
behavior with regard to the condition number and the
rate metric is preserved, but the difference in BER
is smaller. Furthermore, it becomes obvious, that
the used convolutional code leads to a performance
gain due to the frequency diversity which can be
exploited by the code. However, performance is
actually degraded for NT = NR = 2 at 8 bit/s/Hz
and NT = NR = 4 at 16 bit/s/Hz which leads to the
conclusion, that stronger codes should be applied
in such scenarios. Accordingly, Fig. 6a shows the
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different channel quality metrics which were used to
apply dynamic subcarrier allocation. In the uncoded
case channel allocation with respect to the supportable channel rate, which inherently is an information
theoretic measure under the assumption of ideal
codes and infinite code word lengths, performs well.
However, it is obvious that for higher number of
antennas metrics which are well fit to the structure of the transmission scheme gain over the rate
metric. Interestingly, sorted THP seems to be less
constrained by the condition number of the channel
matrix. With regard to the information theoretic
analysis of dynamic OFDMA in the literature we
can conclude that the often used Frobenius norm is
a bad measure for schemes based on a ZF or MMSE
design, a much more overall robust approach would
be to use the rate for dynamic subcarrier allocation if
no specific scheme is considered. Especially for BER
optimization of coded transmission our results hint
at a non rate based approach to subcarrier allocation
problems as the difference to the other metrics seems
not to decrease for stronger codes.

Static
Cond.
Rate
Frob.
[7,5]
TC
0
10
SNR in dB

20

Fig. 6.
Mean BER of a) sorted MMSE THP coded with
different codes for NR = NT = 4 antennas and 16 bit/s/Hz
and b) Spatial multiplexing for NR = NT = 4 with different
codes at 8 bit/s/Hz; NC = 1024 subcarriers, NU = 5 users,
LF = 6 and rate metric.

performance of sorted MMSE THP if the rate metric
is used to allocate subcarriers and different codes
are applied. The general behavior does not change,
but with a stronger channel code the performance
can be actually enhanced in the BER region of
interest. Usually one would anticipate the rate metric
to outperfom other metrics if a stronger code is used,
but as Fig. 6b shows this is not the case in that the
condition number provides the best results. We conclude, that in terms of error rates, even for good error
correcting codes, the subcarrier distribution has to
be chosen well suited according to the transmission
mode.
VI. C ONCLUSIONS
We have shown the bit error rate performance of
several MIMO transmission modes with respect to

[1] Y.J. Zhang and K.B. Letaief, “Multiuser Adaptive Subcarrier-andBit Allocation With Adaptive Cell Selection for OFDM Systems,”
IEEE Transactions on Wireless Communications, vol. 3, no. 5, pp.
1566–1575, September 2004.
[2] W. Rhee and J.M. Cioffi, “Increase in capacity of multiuser OFDM
system using dynamic subchannel allocation,” in IEEE Semiannual
Vehicular Technology Conference. IEEE, May 2000, vol. 2, pp.
1085 – 1089.
[3] M. Costa, “Writing on Dirty Paper,” IEEE Transactions on
Information Theory, vol. 29, no. 3, pp. 439–441, May 1983.
[4] H. Weingarten, Y. Steinberg, and S.S. Shamai, “The Capacity
Region of the Gaussian Multiple-Input Multiple-Output Broadcast
Channel,” IEEE Transactions on Information Theory, vol. 52, no.
9, pp. 3936–3964, 2006.
[5] M. Petermann, C. Bockelmann, and K.D. Kammeyer, “On Allocation Strategies for Dynamic MIMO-OFDMA with Multi-User
Beamforming,” in 12th International OFDM-Workshop, Hamburg,
Germany, August 2007.
[6] T. Michel and G. Wunder, “Optimal And Low Complexity
Suboptimal Transmission Schemes For MIMO-OFDM Broadcast
Channels,” in IEEE International Conference on Communications,
Seoul, Korea, May 2005.
[7] 3GPP TSG RAN, “Multiplexing and Channel Coding (FDD)
(Release 7),” Technical Specification, TS 25.212 V7.5.0, May 2007.
[8] B. Vojcic and W.M. Jang, “Transmitter Precoding in synchronous
multiuser communications,” IEEE Transactions on Communications, vol. 46, no. 10, pp. 1346–1355, October 1998.
[9] B.S. Krongold, K. Ramchandran, and D.L. Jones, “Computationally
Efficient Optimal Power Allocation Algorithms for Multicarrier
Communication Systems,” IEEE Transactions on Communications,
vol. 48, no. 1, pp. 23–27, January 2000.
[10] R.F.H. Fischer, C. Windpassinger, A. Lampe, and J.B. Huber,
“Space-Time Transmission using Tomlinson-Harashima Precoding,” in 4th ITG Conference on Source and Channel Coding, Berlin,
Germany, January 2002, ITG, pp. 139–147.
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